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JuniOR MATHEMATICAL OLYMPIAD 2018 SECTION A Solutions

Section A

A1l. What is the value of 0.8 x 0.12?

SoLuTION

8 X 12 = 96. Therefore, 0.8 X 0.12 = 96 = 1000 = 0.096

A2. A large square is split into four congruent squares, two of
which are shaded. The other two squares have smaller shaded
squares drawn in them whose vertices are the midpoints of the

sides of the unshaded squares.
What fraction of the large square is shaded? <>

SoLUTION

The two larger grey squares make up % of the large square. Each white square is % of the large
square and % of each of these squares is shaded. Therefore, the two smaller grey squares account
for 2 x % X % = % of the large square. Therefore, % + % = % of the large square is shaded.

A3. What is the largest integer for which each pair of consecutive digits is a square?

SoLuTION
Two digit squares can only start with 1, 2, 3,4, 6 or 8.

The sequence starting 2 goes 2 — 5 and then can’t continue while the sequences starting with 3
orlgo3(orl) = 6 — 4 — 9and so are longer than any sequence starting with 4 or 6. However,
the sequence starting with 8 is 8§ - 1 — 6 — 4 — 9 which is the longest. Therefore, 81649 is
the largest integer.

_ 10°
A4. What is the value of ?7

SoLuTION

15 2 5 25 5
100 _@X57 _2X5 a5 _ 3,
55 55 55
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JuniOR MATHEMATICAL OLYMPIAD 2018 SECTION A Solutions

AS. The sizes in degrees of the interior angles of a pentagon are consecutive even numbers.

What is the size of the largest of these angles?

SoLuTION

Let the interior angles of the pentagon be 2n°, (2n + 2)°, (2n + 4)°, (2n + 6)° and (2n + 8)°. The
interior angles of a pentagon sum to 540°. Therefore, 2n+2n+2+2n+4+2n+6+2n+8 = 540,
which gives 10n+20 = 540 and 2n = 104. Hence, the size of the largest angle is (104 +8)° = 112°.

A6. A two-digit number ‘ab’ is multiplied by its reverse ‘ba’. The ones (units) and tens
digits of the four-digit answer are both 0.

What is the value of the smallest such two-digit number ‘ab’?

SoLuTION

Since the units digit of the answer is a zero, either a or b must be 5. Without loss of generality,
assume a = 5. Therefore, b is even.

Since the answer ends in ‘00’, it is a multiple of 100 and hence is a multiple of 25. Therefore,
since b # 0 and ‘ba’ ends in 5, ‘ba’ has a factor of 25. The only 2-digit multiples of 25 ending in
5 are 25 and 75. However 7 is not even. Therefore ‘ba’ = 25 and the smallest two-digit number
is 25.

A7. The diagram shows a circle divided into three equal sectors.

What is the ratio of the length of the perimeter of one of these
sectors to the length of the circumference of the circle?

SoLUTION

Let the radius of the circle be r. As each sector is a third of the circle, the length of the perimeter

of each sector is % + 2r. Therefore, the ratio of the length of the perimeter of one of the three

sectors to the length of the circumference of the circle is (Zﬂ + Zr) 2 2nr = (% +1) i mor

3
(r+3):3nm.
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JuniOR MATHEMATICAL OLYMPIAD 2018 SECTION A Solutions

A8. How many three-digit integers less than 1000 have exactly two different digits in their
representation (for example, 232, or 466)?

SOLUTION

There are 9 integers with two zeros, i.e. 100,200, ---,800,900. When the repeated digit is
non-zero, the integers have the form ‘xxy’, ‘xyx’ or ‘yxx’. If x =1, ycanbe 0,2, 3,4,5,6,7, 8
or 9, although we must ignore ‘011’ as this is a two-digit integer. This gives 26 different integers.
Similarly, there will be an additional 26 integers for every non-zero x value. Therefore, the
total number of three-digit integers less than 1000 that have exactly two different digits in their
representation is 9 + 9 X 26 = 243.

A9. The triangle POR is isosceles with PR = QR. Angle R
PRQ = 90° and length PQ = 2 cm. Two arcs of radius 1 cm
are drawn inside triangle POQR. One arc has its centre at P

and intersects PR and PQ. The other arc has its centre at Q p 0
and intersects OR and PQ.

What is the area of the shaded region, in cm??

SoLuTION

Using Pythagoras’ Theorem, PR = QR = V2. The area of the triangle, in cm?, is %X\/i xV2 = 1.
The total area, in cm?, of the unshaded regions, which is equivalent to the area of a quarter of a
circle with radius 1 cm, is %. Therefore, the area of the shaded region, in cm?, is (1 — %)
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JuniOR MATHEMATICAL OLYMPIAD 2018 SECTION A Solutions

A10. A four-digit integer has its digits increasing from left to right. When we reverse the
order of the digits, we obtain a four-digit integer whose digits decrease from left to
right. A third four-digit integer uses exactly the same digits, but in a different order.
The sum of the three integers is 26 352.

What is the value of the smallest of the three integers?

SoLuTION
Let the original integer be ‘pgrs’, such that p < g < r < 5. We know
26352 = ‘pgrs’ + ‘srqp’ + X, (1)

where X is a four-digit integer, and
s> p+3. )

Equation (2)) implies p < 6. Since X < 9876, equation (] gives
‘pqrs’ + ‘srqp’ > 16476. 3)

If p <5, ‘pgrs’ < 6000 and, from equation (3), ‘srgp’ > 10476, which contradicts the definition
of ‘srgp’. Therefore, p = 6.
Therefore, from equation (]Z[), we have s = 9.

Hence, ‘pgrs’ = 6789, ‘srgp’ = 9876 and, using equation (1)), X = 9687.

The smallest value of the three integers is 6789.
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Section B

B1. Polly Garter had her first child on her 20th birthday, her second child exactly two years
later, and her third child exactly two years after that.

How old was Polly when her age was equal to the sum of her three children’s ages?

SOLUTION

Let Polly be x years old when her age was equal to the sum of her three children’s ages. At this
time, her three children were x — 20, x — 22 and x — 24 years old. This leads to the equation

x=x-20+x-22+x —24.

Hence
x =3x—-66
2x = 66
x = 33.

Therefore, Polly was 33 years old when her age was equal to the sum of her three children’s ages.

B2. In the diagram shown, ABCD is a square and point F lies A B
on BC. Triangle DEC is equilateral and EB = EF. E
What is the size of ZCEF? F
D C
SoLuTiOoN

Since triangle DEC is equilateral, ZDCE = 60°. Therefore, since ABCD is a square, /ZECF =
30°. Since DC = CE and DC = CB, we have CE = CB and hence triangle ECB is isosceles.

As triangle EBF is isosceles, /CBE = /BFE. Therefore,

180° — 30°
(BFE = — = 75° (angles in a triangle sum to 180°)

and, consequently,
LEFC = 105° (angles on a straight line sum to 180°).
Hence, using the fact that angles in a triangle sum to 180°,
(CEF =180° - tEFC - LECF
= 180° - 105° - 30°
P = 45°.

CICpmpi bl
=

WWW.OFFROADIHA.COM

© UKMT June 2018 www.ukmt.org.uk 6


https://\UKMTweb 

CICpmpi 0361

JuniOrR MATHEMATICAL OLYMPIAD 2018 SecTIiON B Solutions

B3. The letters a, b and ¢ stand for non-zero digits. The integer ‘abc’ is a multiple of 3;
the integer ‘chabc’ is a multiple of 15; and the integer ‘abcba’ is a multiple of 8.

What is the integer ‘abc’?

SOLUTION

The question tells us that ‘abcba’ is a multiple of 8. Therefore, since 1000 and hence any multiple
of 1000, is a multiple of 8, ‘cba’ is a multiple of 8.

The question also tells us that ‘abc’ is a multiple of 3 and hence, since the digit sums of ‘abc’
and ‘cba’ are the same, ‘cba’ is also a multiple of 3. Hence, ‘cha’ is a multiple of 24.

Finally, we are told that ‘cbabc’ is a multiple of 15. Since ¢ # 0, then ¢ = Sand c + b is a
multiple of 3.

The three-digit multiples of 24 which are the possible values of ‘cha’ beginning with ‘5’ are 504,
528, 552 and 576 and, of these, only 576 has ¢ + b as a multiple of 3.

Therefore the integer ‘abc’ is 675.

B4. A rectangular sheet of paper is labelled ABCD, with AB one of the longer sides. The
sheet is folded so that vertex A is placed exactly on top of the opposite vertex C. The
fold line is XY, where X lies on AB and Y lies on CD.

Prove that triangle CXY is isosceles.

SoLuTION
B C
X N
Ny
A D

The construction of the fold means that ZAXY = /CXY. By alternate angles, /AXY = /CYX.
Hence /CXY = £CY X and so triangle CXY is isosceles.
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BS. The diagram shows three triangles, ABC, POR A P
and XY Z, each of which is divided up into four
smaller triangles. The diagram is to be completed 1 \X/ 2

so that the positive integers from 1 to 10 inclusive
are placed, one per small triangle, in the ten small

triangles. The totals of the numbers in the three 10
triangles ABC, POR and XY Z are the same. B ) C R
Numbers 1, 2, 4 and 10 have already been placed. v 4 ~

In how many different ways can the diagram be completed?

SoLUTION

Label the empty small triangles in the second row as a, b, ¢ and d from left to right and the
empty small triangles in the third row as e and f from left to right.

A P
1 \X/ 2
a c

These triangles may only contain the integers 3, 5, 6, 7, 8 or 9.

Since the totals in the triangles ABC, POR and XY Z are the same and the sum of the integers 1
to 10 is 55, we can deduce that

55 + 2b is a multiple of 3. (1)

Therefore, b = 7, as it is the only remaining integer that satisfies (I). Consequently, the total in
each triangle ABC, POR and XY Z is 23.

Considering the totals in the triangles ABC, POR and XY Z gives

a+b+11=23 2)
b+c+d+2=23 3)
and b+e+ f+4=23 “4)

respectively. Equation (2)) gives a = 5. The only remaining integers now are 3, 6, 8 and 9. From
equations (3) and @), ¢ + d = 14 and e + f = 12. To satisfy these equations ¢ and d must be 8
and 6 in any order and e and f must be 3 and 9 in any order. Therefore, there are only 4 different
ways in which the diagram can be completed and these are shown below:
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B6. Sixteen counters, which are black on one side and white on the
other, are arranged in a 4 by 4 square. Initially all the counters
are facing black side up. In one “'move’, you must choose a 2 by
2 square within the square and turn all four counters over once.

Describe a sequence of 'moves’ of minimum length that finishes
with the colours of the counters of the 4 by 4 square alternating
(as shown in the diagram).

@ @
| J@ |®

Oe0®
| |@ |®

SoLuTION

Define a set of coordinates from the bottom left corner, such that (1, 1)
relates to the counter in the bottom left corner, (1, 4) relates to the counter
in the top left corner, (4, 1) relates to the counter in the bottom right corner,
etc.

Consider the counter at (1, 1). This must be flipped and can only be flipped by flipping the bottom
left 2 by 2 square.

Now both the counter at (1,2) and (2, 1) need to be flipped and it is not possible to flip both
together without also changing (1, 1). Therefore flip the counters in the 2 by 2 square with lower
left corner at (2, 1) and in the 2 by 2 square with lower left corner at (1, 2). Since the counter at
(2,2) will have then been flipped three times, it will be of the opposite colour to its original colour
as required. Therefore we have completed the square in the bottom left corner with three ‘moves’.

A similar argument can be applied to the counter at (4, 4) and the top right 2 by 2 square which
has not been affected by any of the moves so far. Three more ‘moves’ are required to turn all four
counters in this 2 by 2 square to the required colour.

In fact, this completes the pattern of the 4 by 4 square as a whole. Therefore a minimum of six
‘moves’ is required.

@ o 10@ | ]

00 0000
@, @ 10 I )

00 0000
@, @ 10, @ )
@, @ 10e I )
00 0000
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